
A  Appendix 

Dual-Energy Alternating Minimization (DEAM) Algorithm 

To implement JSIR method we need the following equations and algorithm 

following Jingwei[46]. Solving the maximum log-likelihood estimation (MLE) 

problem  

 min
𝑐

∑𝑗 ∑𝑦 [𝑄𝑗(𝑦, 𝑐) − 𝑑𝑗(𝑦)log𝑄𝑗(𝑦, 𝑐)], (50) 

 where  

 𝑄𝑗(𝑦, 𝑐) = 𝐼0,𝑗(𝑦) ∑𝐸 𝜓𝑗(𝑦, 𝐸)𝑒− ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦,𝑥)𝑐𝑖(𝑥). (51) 

Solve the following instead of equation (50)  

 min
𝑝,𝑞

𝐹(𝑝, 𝑞) = ∑𝑦 ∑𝑗 ∑𝐸 𝐼(𝑝𝑗(𝑦, 𝐸)||𝑞𝑗(𝑦, 𝐸)) 

 = ∑𝑦 ∑𝑗 ∑𝐸 𝑝𝑗(𝑦, 𝐸)log
𝑝𝑗(𝑦,𝐸)

𝑞𝑗(𝑦,𝐸)
− 𝑝𝑗(𝑦, 𝐸) + 𝑞𝑗(𝑦, 𝐸) (52) 

Such that  

 ∑𝐸 𝑝𝑗(𝑦, 𝐸) = 𝑑𝑗(𝑦) 

 

 𝑞𝑗(𝑦, 𝐸) = 𝐼0,𝑗(𝑦)𝜓𝑗(𝑦, 𝐸)𝑒− ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦,𝑥)𝑐𝑖(𝑥). 

Considering only the terms that contain 𝑝 we have  

 min
𝑝

𝐹𝑝(𝑝) = ∑𝑦,𝑗,𝐸 [𝑝𝑗(𝑦, 𝐸)log
𝑝𝑗(𝑦,𝐸)

𝑞𝑗(𝑦,𝐸)
− 𝑝𝑗(𝑦, 𝐸) + 𝑞𝑗(𝑦, 𝐸)], (53) 

Susch that  

 ∑𝐸 𝑝𝑗(𝑦, 𝐸) = 𝑑𝑗(𝑦) 

The minimizer of problem (53) after applying Lagrange multiplier is  

 𝑝𝑗(𝑦, 𝐸) =
𝑞𝑗(𝑦,𝐸)

∑𝐸 𝑞𝑗(𝑦,𝐸)
𝑑𝑗(𝑦) (54) 

Since q is a function of c, minimizing with respect to c is equivalent to 

minimizing with respect to q; so, considering only terms that contains c  

 min
𝑐

𝐹𝑐(𝑐) = ∑𝑦,𝑗,𝐸 − 𝑝𝑗(𝑦, 𝐸)log𝑞𝑗(𝑦, 𝐸) + 𝑞𝑗(𝑦, 𝐸) 

 = ∑𝑦,𝑗,𝐸 [𝐼0,𝑗(𝑦)𝜓𝑗(𝑦, 𝐸)𝑒− ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦,𝑥)𝑐𝑖(𝑥)+𝑝𝑗(𝑦,𝐸) ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦,𝑥)𝑐𝑖(𝑥)].

 (55) 

 After convex decomposition, we have  



 �̂�𝑐(𝑐) = ∑𝑦,𝑗,𝐸 [�̂�𝑗(𝑦, 𝐸) ∑𝑖,𝑥
𝜇𝑖(𝐸)ℎ(𝑦,𝑥)

𝑍𝑖(𝑥)
𝑒−𝑍𝑖(𝑥)(𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)) 

 +𝑝𝑗(𝑦, 𝐸) ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦, 𝑥)𝑐𝑖(𝑥)] (56) 

 where  

 �̂�𝑗(𝑦, 𝐸) = 𝐼𝑗(𝑦, 𝐸)𝑒− ∑𝑖,𝑥 𝜇𝑖(𝑥)ℎ(𝑦,𝑥)𝑐̂𝑖(𝑥) (57) 

  

 𝑍𝑖(𝑥) = ∑𝑦,𝐸 𝜇𝑖(𝐸)ℎ(𝑦, 𝑥). (58) 

 �̂�𝑖(𝑥) is the current estimate of 𝑐𝑖(𝑥) and Z is a parameter that guarantees 

convergence. The surrogate function’s derivative with respect to 𝑐𝑖(𝑥) is  

 
𝜕�̂�𝑐

𝑐𝑖(𝑥)
= ∑𝑦,𝑗,𝐸 [−�̂�𝑗(𝑦, 𝐸)𝜇𝑖(𝐸)ℎ(𝑦, 𝑥)𝑒−𝑍𝑖(𝑥)(𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)) +

𝑝𝑗(𝑦, 𝐸)𝜇𝑖(𝐸)ℎ(𝑦, 𝑥)] (59) 

Solving equation(59) equal to zero, we have final 𝑐𝑖(𝑥) update to be  

 𝑐𝑖(𝑥) = �̂�𝑖(𝑥) −
1

𝑍𝑖(𝑥)
log(

∑𝑦,𝑗,𝐸 𝑝𝑗(𝑦,𝐸)𝜇𝑖(𝐸)ℎ(𝑦,𝑥)

∑𝑦,𝑗,𝐸 𝑞𝑗(𝑦,𝐸)𝜇𝑖(𝐸)ℎ(𝑦,𝑥)
) (60) 

 

To suppress the noise, a neigborhood smoothing function can be added to the 

surrogate function for example Huber-type penalty of the form[33,47]  

 𝑅(𝑐) = ∑𝑖 ∑𝑥 ∑�̅�∈ℵ𝑥
𝑤𝑥�̅�𝜙(𝑐𝑖(𝑥) − 𝑐𝑖((̅𝑥))), (61) 

where  

 𝜙(𝑡) =
1

𝛿2
(𝛿|𝑡| − log(1 + 𝛿|𝑡|)) (62) 

 ℵ𝑥 is the set of neighborhood of the pixel x, and the corresponding weights 

𝑤𝑥�̅� are equal to the inverse distance between pixels x and �̅�. 

The regularized DEAM cost function for the term containing c is  

 min
𝑐

�̂�𝑐(𝑐) = ∑𝑦,𝑗,𝐸 [�̂�𝑗(𝑦, 𝐸) ∑𝑖,𝑥
𝜇𝑖(𝐸)ℎ(𝑦,𝑥)

𝑍𝑖(𝑥)
𝑒−𝑍𝑖(𝑥)(𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)) 

 +𝑝𝑗(𝑦, 𝐸) ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦, 𝑥)𝑐𝑖(𝑥)] + 𝜆𝑅(𝑐). (63) 

The basis-material image pixels 𝑐𝑖(𝑥) are coupled in penalty term 𝜙(𝑐𝑖(𝑥) −

𝑐𝑖(�̅�)); so, after being decoupled by convex decomposition the resulting cost 

function is  



 min
𝑐

�̂�𝑐(𝑐) = ∑𝑦,𝑗,𝐸 [�̂�𝑗(𝑦, 𝐸) ∑𝑖,𝑥
𝜇𝑖(𝐸)ℎ(𝑦,𝑥)

𝑍𝑖(𝑥)
𝑒−𝑍𝑖(𝑥)(𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)) 

 +𝑝𝑗(𝑦, 𝐸) ∑𝑖 𝜇𝑖(𝐸) ∑𝑥 ℎ(𝑦, 𝑥)𝑐𝑖(𝑥)] + 𝜆 ∑𝑖 ∑𝑥 ∑�̅�∈ℵ𝑥
𝜙(2𝑐𝑖(𝑥) − �̂�𝑖(𝑥) −

�̂�𝑖(�̅�)). (64) 

The corresponding derivatives are:  

 
𝜕�̂�𝑐

𝜕𝑐𝑖(𝑥)
=

∑𝑦,𝑗,𝐸 [−�̂�𝑗(𝑦, 𝐸)𝜇𝑖(𝐸)ℎ(𝑦, 𝑥)𝑒−𝑍𝑖(𝑥)(𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥))+𝑝𝑗(𝑦,𝐸)𝜇𝑖(𝐸)ℎ(𝑦,𝑥)] 

 +𝜆 ∑�̅�∈ℵ𝑥
𝑤𝑥�̅�

2𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)−𝑐̂𝑖(�̅�)

1+𝛿|2𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)−𝑐̂𝑖(�̅�)|
 (65) 

 and  

 
𝜕2�̂�𝑐

𝜕𝑐𝑖(𝑥)2
= ∑𝑦,𝑗,𝐸 �̂�𝑗(𝑦, 𝐸)𝜇𝑖(𝐸)ℎ(𝑦, 𝑥)𝑍𝑖(𝑥)𝑒−𝑍𝑖(𝑥)(𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)) 

 +𝜆 ∑�̅�∈ℵ𝑥
𝑤𝑥�̅�

2

(1+𝛿|2𝑐𝑖(𝑥)−𝑐̂𝑖(𝑥)−𝑐̂𝑖(�̅�)|)2 (66) 

DEAM Algorithm can be wriiten as 

 

 

 Initialize 𝑐𝑖, and compute the corresponding �̂�𝑗(𝑦, 𝐸) and �̂�𝑗(𝑦, 𝐸). 

if without penalty then 

for 𝑛 = 0 to 𝑁 − 1 do 

for each i do 

Set 𝑐𝑖(𝑥)(𝑛) as the current estimate. 

Update �̂�𝑗(𝑦, 𝐸) with (57) 

Update �̂�𝑗(𝑦, 𝐸) with (54) 

Update 𝑐𝑖(𝑥)(𝑛+1) with (60) 

end 

end 

end 

if with penalty then 

for 𝑛 = 0 to 𝑁 − 1 do 



for each j do  

Set 𝑐𝑖(𝑥)(𝑛) 

Update 𝑐𝑖(𝑥)(𝑛+1)  with Newton’s method, and the first order and 

second order   

derivatives are from (65) and (66). 

end 

end 

end 

 

 

Line Integral Alternating Minimization (LIAM) Algorithm 

The LIAM algorithm presented follows from Chen et al[48]. 

Write the log-likelihood term as  

 𝐼(𝑑𝑗||𝐹𝑗) = min
𝑝𝑗∈ℓ

𝐼(𝑝𝑗||𝑓𝑗) (67) 

  

 𝜖𝑗 = {𝑓𝑗: 𝑓𝑗(𝑦, 𝐸) = 𝐼0,𝑗(𝑦, 𝐸)𝑒− ∑2
𝑖=1 𝐿𝑖(𝑦)𝜇𝑖(𝐸)} (68) 

  

 ℓ(𝑑𝑗) = {𝑝𝑗(𝑦, 𝐸) ≥ 0: ∑𝐸 𝑝𝑗(𝑦, 𝐸) = 𝑑𝑗(𝑦)} (69) 

 𝐿𝑖(𝑦) = ∑𝑖 ℎ(𝑦, 𝑥)𝑐𝑖(𝑥), 𝑖 ∈ {1,2} 

The I-divergence includes sums over source-detector pairs y and energies E,  

 𝐼(𝑝𝑗||𝑓𝑗) = ∑𝑦 ∑𝐸 [𝑝𝑗(𝑦, 𝐸)log
𝑝𝑗(𝑦,𝐸)

𝑓𝑗(𝑦,𝐸)
− 𝑝𝑗(𝑦, 𝐸) − 𝑓𝑗(𝑦, 𝐸)] (70) 

The reformulated problem becomes  

 min
𝑐−≥0,𝑓𝑗∈𝜖𝑗

min
𝑝𝑗∈ℓ(𝑑𝑗)

∑2
𝑗=1 𝐼(𝑝𝑗||𝑓𝑗) + 𝛽 ∑2

𝑖=1 𝐼(𝐿𝑖||𝐻𝑐𝑖). (71) 

 The gradient for (𝐿1(𝑦), 𝐿2(𝑦))𝑇 is ∇(𝑦) = (∇1(𝑦), ∇2(𝑦))𝑇, where  

 ∇𝑖(𝑦) = ∑2
𝑗=1 ∑𝐸 �̂�𝑗(𝑦, 𝐸)𝜇𝑖(𝐸) 

 − ∑2
𝑗=1 ∑𝐸 𝜇𝑖(𝐸)𝐼0𝑗𝑒− ∑2

𝑖′=1 𝐿𝑖′(𝑦)𝜇𝑖′(𝐸) + 𝛽(log
𝐿𝑖(𝑦)

∑𝑥 ℎ(𝑦,𝑥)𝑐̂𝑖(𝑥)
) (72) 

 The corresponding Hessian matrix is ∇2(𝑦) =



((∇11
2 (𝑦), ∇21

2 )𝑇 , (∇12
2 (𝑦), ∇22

2 (𝑦))𝑇), where  

 ∇𝑖𝑖
2 (𝑦) = ∑2

𝑗=1 ∑𝐸 𝜇𝑖
2(𝐸)𝐼0𝑗𝑒− ∑2

𝑖′=1 𝐿𝑖′(𝑦)𝜇𝑖′(𝐸) +
𝛽

𝐿𝑖(𝑦)
, (73) 

  

 ∇12
2 (𝑦) = ∇21

2 = ∑2
𝑗=1 ∑𝐸 𝜇1(𝐸)𝜇2(𝐸)𝐼0𝑗𝑒− ∑2

𝑖′=1 𝐿𝑖′(𝑦)𝜇𝑖′(𝐸). (74) 

  

The LIAM algorithm is as follows:  

              

 

             1.Set 𝑘 = 0. Initial �̂�𝑖
(0)

,�̂�𝑖
(0)

. 

2. Update �̂�𝑗
(𝑘)

(𝑦, 𝐸) according to 

𝑓𝑗
(𝑘)

(𝑦, 𝐸) = 𝐼0𝑗(𝑦, 𝐸)𝑒− ∑2
𝑖=1 �̂�𝑖

(𝑘)
(𝑦)𝜇𝑖(𝐸), 

�̂�𝑗
(𝑘)

(𝑦, 𝐸) = 𝑑𝑗(𝑦)
�̂�𝑗

(𝑘)
(𝑦,𝐸)

∑𝐸′ �̂�
𝑗
(𝑘)

(𝑦,𝐸′)
. 

3. Update �̂�𝑖
(𝑘+1)

(𝑦) using Newton’s method. 

(i)  Set 𝑚 = 0. Let �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚=0)

(𝑦) = �̂�𝑖
(𝑘)

(𝑦). 

(ii) �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚+1)

= �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚)

− [∇2(𝑦)]−1∇(𝑦) , where ∇2(𝑦) , ∇(𝑦)  are 

evaluated at  

      �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚)

(𝑦) 

(iii) Iterate until convergence to obtain nonnegative 

�̂�𝑖
(𝑘+1)

(𝑦) = max(0, �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚+1)

(𝑦)) 

4. Update �̂�𝑖
𝑘+1(𝑥) using ID algorithm 

(i) Set 𝑛 = 0. Let �̂�𝑖−𝐼𝐷
(𝑛=0)

(𝑥) = �̂�𝑖
(𝑘)

(𝑥). 

(ii)  �̂�𝑖−𝐼𝐷
(𝑛+1)

(𝑥) =
𝑐�̂�−𝐼𝐷

(𝑛)
(𝑥)

∑𝑦 ℎ(𝑦,𝑥)
∑𝑦 ℎ(𝑦, 𝑥)

�̂�𝑖
(𝑘+1)

(𝑦)

∑𝑥 ℎ(𝑦,𝑥)𝑐
�̂�−𝐼𝐷
(𝑛)

(𝑥)
. 

(iii) Iterate until convergence, �̂�𝑖
(𝑘+1)

(𝑥) = �̂�𝑖−𝐼𝐷
(𝑛+1)

(𝑥). 

5. Iterate 2 through 4 until convergence. 



 

 

Step 4 for 𝑐𝑖  update is same as ID algorithm update in Snyder et al[49]. If 

regularization term, 𝑅(𝑐) is added, the total objective function becomes  

 min
𝐿𝑖,𝑐𝑖≥0

∑2
𝑗=1 𝐼(𝑑𝑗||𝐹𝑗) + 𝛽 ∑2

𝑖=1 [𝐼(𝐿𝑖||𝐻𝑐𝑖) + 𝜆𝑅(𝑐𝑖)] 

 = min
𝐿𝑖,𝑐𝑖≥0

∑2
𝑗=1 ∑𝑦 [𝑑𝑗(𝑦)log

𝑑𝑗(𝑦)

𝐹𝑗(𝑦)
− 𝑑𝑗(𝑦) + 𝐹𝑗(𝑦)] 

 +𝛽 ∑2
𝑖=1 ∑𝑦 [𝐿𝑖(𝑦)log

𝐿𝑖(𝑦)

∑𝑥 ℎ(𝑦,𝑥)𝑐𝑖(𝑥)
− 𝐿𝑖(𝑦) + ∑𝑥 ℎ(𝑦, 𝑥)𝑐𝑖(𝑥)] 

 +𝛽𝜆 ∑2
𝑖=1 ∑𝑥 ∑𝑠∈ℵ𝑥

𝑤𝑥,𝑠𝜓(𝑐𝑖(𝑥) − 𝑐𝑖(𝑠)), (75) 

where 𝜆 is a scalar that reflects the amount of smoothness desired for fixed 𝛽, 

and 𝛽𝜆 controls the trade-off between data fit (I-divergence) and the image 

smoothness (regularization). After the update for �̂�𝑖
(𝑘+1)

(𝑦)  (in step 3), the 

decoupled objective function for every �̂�𝑖
(𝑘+1)

(𝑥) is,  

 min
𝑐�̂�

(𝑘+1)
(𝑥)≥0

𝑓(�̂�𝑖
(𝑘+1)

) =

∑𝑦 [�̂�𝑖
(𝑘+1)

(𝑦)�̂�𝑖
(𝑘+1)

(𝑥, 𝑦)log
�̂�𝑖

(𝑘+1)
(𝑦)�̂�𝑖

(𝑘+1)
(𝑥,𝑦)

ℎ(𝑦,𝑥)𝑐�̂�
(𝑘+1)

(𝑥)
+

                                          ℎ(𝑦, 𝑥)�̂�𝑖
(𝑘+1)

(𝑥) + 𝜆 ∑𝑠∈ℵ𝑥
𝑤𝑥,𝑠𝜓(2�̂�𝑖

(𝑘+1)
(𝑥) − �̂�𝑖

(𝑘)
(𝑥) −

�̂�𝑠
(𝑘)

)] (76) 

 where �̂�𝑖
(𝑘+1)

(𝑥, 𝑦) =
ℎ(𝑦,𝑥)𝑐�̂�

(𝑘)
(𝑥)

∑𝑥′ ℎ(𝑦,𝑥′)𝑐
�̂�
(𝑘)

(𝑥′)
 

Step 4 in algorithm for unregularized can be replace with trust region Newton’s 

method in regularized LIAM as below: 

 

 

            1.Set 𝑘 = 0. Initial �̂�𝑖
(0)

,�̂�𝑖
(0)

. 

2. Update �̂�𝑗
(𝑘)

(𝑦, 𝐸) according to 

𝑓𝑗
(𝑘)

(𝑦, 𝐸) = 𝐼0𝑗(𝑦, 𝐸)𝑒− ∑2
𝑖=1 �̂�𝑖

(𝑘)
(𝑦)𝜇𝑖(𝐸), 



�̂�𝑗
(𝑘)

(𝑦, 𝐸) = 𝑑𝑗(𝑦)
�̂�𝑗

(𝑘)
(𝑦,𝐸)

∑𝐸′ �̂�
𝑗
(𝑘)

(𝑦,𝐸′)
. 

3. Update �̂�𝑖
(𝑘+1)

(𝑦) using Newton’s method. 

(i). Set 𝑚 = 0. Let �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚=0)

(𝑦) = �̂�𝑖
(𝑘)

(𝑦). 

(ii). �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚+1)

= �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚)

− [∇2(𝑦)]−1∇(𝑦) , where ∇2(𝑦) , ∇(𝑦)  are 

evaluated at  

         �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚)

(𝑦) 

(iii). Iterate until convergence to obtain nonnegative 

�̂�𝑖
(𝑘+1)

(𝑦) = max(0, �̂�𝑖−𝑁𝑒𝑤𝑡𝑜𝑛
(𝑚+1)

(𝑦)) 

4. Calculate �̂�𝑛𝑒𝑤 using the trust region Newton’s method. 

(i). Set 𝑛 = 0, 0 < 𝜂1 < 𝜂2 < 1, 0 < 𝛾1 < 1 < 𝛾2. 

Initialize trust region radius Δ(𝑛=0). Let �̂�(𝑛=0) = �̂�𝑜𝑙𝑑  

(ii). Compute regular Newton’s method update 

Δ�̂�(𝑛+1) = max(
−𝑓′(�̂�(𝑛))

𝑓′′(�̂�(𝑛))
, −�̂�(𝑛)) 

(iii).Calculate actual reduction 

𝑓(�̂�(𝑛)) − 𝑓(�̂�(𝑛) + Δ�̂�(𝑛+1)). 

(iv).Calculate predicted reduction 

−Δ�̂�(𝑛+1)𝑓′(�̂�𝑜𝑙𝑑) −
1

2
(Δ�̂�(𝑛+1))2𝑓′′(�̂�𝑜𝑙𝑑). 

(v). Calculate the ratio 

𝜌(𝑛+1) =
𝐴𝑐𝑡𝑢𝑎𝑙𝑅𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛

𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑𝑅𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛
 

(vi). If 𝜌(𝑛+1) < 𝜂1, 

set Δ(𝑛+1) = 𝛾1Δ(𝑛), �̂�(𝑛+1) = �̂�(𝑛). 

Else If 𝜌(𝑛+1) > 𝜂2, 

set Δ(𝑛+1) = 𝛾2Δ(𝑛), �̂�(𝑛+1) = �̂�(𝑛) + Δ�̂�(𝑛+1). 

Else 

set Δ(𝑛+1) = Δ(𝑛), �̂�(𝑛+1) = �̂�(𝑛) + Δ�̂�(𝑛+1). 



End 

(vii). Iterate until convergence to obtain �̂�𝑛𝑒𝑤 = �̂�(𝑛+1). 

5. Iterate 2 through 4 until convergence. 

 

 

In step 4, �̂�𝑜𝑙𝑑 is used to denote �̂�𝑖
(𝑘)

(𝑥) and �̂�𝑛𝑒𝑤 is used to denote �̂�𝑖
(𝑘+1)

(𝑥). 

Step (ii) in 4 is to enforce non-negativity for the component images(though 

sometimes the non-negativity is not needed). The choices of 𝜂1 , 𝜂2 , 𝛾1 , 𝛾2 

and Δ(𝑛=0) are empirical. 
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